Abstract: We propose new tests to detect a change in the mean of a time series. Like many existing tests, the new ones are based on the CUSUM process. Existing CUSUM tests require an estimator of a scale parameter to make them asymptotically distribution free under the no change null hypothesis. Even if the observations are independent, the estimation of the scale parameter is not simple since the estimator for the scale parameter should be at least consistent under the null as well as under the alternative. The situation is much more complicated in case of dependent data, where the empirical spectral density at 0 is used to scale the CUSUM process. To circumvent these difficulties, new tests are proposed which are ratios of CUSUM functionals. We demonstrate the applicability of our method to detect a change in the mean when the errors are AR(1) and GARCH(1,1) sequences.
Introduction
Change point detection is an important part of statistical and economic analysis. Predictions and statistical inference will be invalid if changes in the regimes during the data collection period are not taken into account. The main problems in the change point analysis are to decide whether the statistical model for a series of observations does not change (no change situation) or whether the model changes one or more times and in the latter case to identify when the changes have occured. For surveys on change point methods we refer to Csörgő and Horváth [3] and Perron [11] .
In this paper we consider at most one change in the location model
where µ 1 , . . . , µ n are the means of the respective observations while ǫ 1 , . . . , ǫ n are random error terms with zero mean satisfying some additional assumptions specified below. Under the no change null hypothesis
while under the alternative H A : there is 1 ≤ k * < n such that µ 1 = µ 2 = · · · = µ k = µ k+1 = · · · = µ n .
The most popular methods are based on functionals of properly standardized cumulative sums (CUSUM) k i=1 (X i −X n ), k = 1, . . . , n, whereX n = (1/n) 1≤i≤n X i . For example, we reject H 0 if
is large, where and nσ 2 n is a proper estimator for the variance of 1≤i≤n ǫ i . Similarly, the R/S statistic proposed by Lo [10] is
The statistic T n,2 was modified by Giraitis et al. [5] who introduced
Under suitable assumptions on the error terms all three test statistics are sensitive w.r.t. change(s) in the mean (location). Asymptotic properties of T n,1 , i = 1, 2, 3 were derived under the conditions
where {W (t), 0 ≤ t < ∞} is a Wiener process. (
−→ denotes weak convergence in D[0, 1].) Condition (1.2) means that {ǫ i } is a weakly dependent sequence which satisfies the functional central limit theorem. Since T n,i , i = 1, 2, 3 are functions of n −1/2 1≤i≤nt ǫ i , (1.2) will yield the asymptotic distributions of the test statistics both under H 0 and H A . However, the estimator σ 2 n must satisfy that σ 2 n P → σ 2 under H 0 and at least it must be bounded in probability under the alternative. If {ǫ i } is a strictly stationary sequence with 0 < Eǫ 2 0 < ∞, then the estimation of σ 2 is based on the fact that it is related to the spectral density at 0. So one needs to choose a kernel and the number of lags used in the estimation. One of the most popular choices is Bartlett's estimator. However the rate of convergence is very slow even under H 0 and σ 2 n might go to infinity under H A . Modifications of the Bartlett estimator in the change point context can be found in Berkes et al. [1] and Berkes et al. [2] . Therefore it is desirable to develop procedures for testing H 0 against H A , where the estimator of σ 2 from (1.2) is not needed. We develop such test procedures based on functionals of CUSUMs.
In the definitions of T n,i , i = 1, 2, 3, functionals of CUSUMs are computed for the first k and the last n − k observations. If the difference between functionals is large for at least one k, the null hypothesis of no change is rejected. We suggest computing the ratio of the CUSUM functionals instead of the differences. This way there will be no need for the estimation of σ 2 . Instead of using T n,1 we suggest
where 0 < δ < 1/2 and
Our first result gives the convergence in distribution results for V n,i , i = 1, 2, 3 under H 0 . Let W (t), 0 ≤ t < ∞ be a Wiener process and define the following processes: 
and We note that sup δ≤t≤1−δ can be replaced with sup 0<t≤1−δ in (1.3)-(1.5). Since
we cannot replace sup δ≤t≤1−δ with sup δ≤t<1 , in (1.3)-(1.5).
The Wiener process W has independent increments and therefore for any 0 < t < 1 we have that
Change of variable and the scale transformation of W give that
where
is a Brownian bridge. Therefore for any 0 < t < 1
where {B 1 (u), 0 ≤ u ≤ 1} and {B 2 (u), 0 ≤ u ≤ 1} are independent Brownian bridges. Similar arguments give
Kim [7] used ratio tests to detect changes in the persistence of a linear time series. The asymptotic as well as the finite sample properties (including power) of Kim's test were investigated by Kim et al. [8] and Leybourne and Taylor [9] . Since we try to detect changes in the means (location) our tests are different from Kim's so we need to investigate the asymptotic power. Let ∆ n = µ k * − µ k * +1 be the size of the change. 
assuming that
Our tests were developed to check if the mean has changed at an unknown time. Ratio type tests can also be used to see if the sequence changes from "stationary" into "difference stationary" . We say that the sequence is "stationary" if the sum of the X k 's satisfies the functional central limit theorem and "difference stationary" if the X k 's themselves satisfy the functional central limit theorem with suitable normalization. Now we consider the following alternative: 
The limit distributions of Z n,i , i = 1, 2, 3 can be easily derived following the proof of Theorem 1.2 and we get the following results:
However, V n,i , i = 1, 2, 3 have power against the alternative 
The alternative H * *
A is somewhat the opposite of H * A ; the first observations follow a random walk and at k * they turn into a "stationary" sequence. Of course, the statistics may not detect the difference between H 0 and H * A . If we are interested only if a change occured from or into a random walk at an unknown time, i/e.,we are testing H 0 against H * A ∪ H * * A , we must combine V n,i and Z n,i . Let
Following the proof of Theorem 1.1 one can easily verify that under H 0 (1 − t) −ν η 1,2 (t) = ∞ a.s.
and therefore
By (1.10) we conjecture that
Using weight functions, the statistics V n,2 and V n,3 can be modified in a similar way so one can take δ = 0 in the weighted statistics.
Remark 1.2.
We would like to note that ratio tests can be derived not only for partial sums with a Wiener limit but for more general processes.
Applications
In our first example the error terms are linear processes defined as .3) is in Hannan [6] (cf. also Wang et al. [12] ). We would like to note that by Wu and Min [13] , (1.2) holds for sums of linear processes without assuming (2.2).
We studied the behaviour of V n,1 when δ = 0.2. We used Monte Carlo simulations to get critical values for sup .2≤t≤.8 η 1,1 (t)/η 1,2 (t). In our simulation study we assumed that δ i , −∞ < i < ∞ are independent standard normal random variables and c i = ρ i . This means that the observations are elements of of a stationary AR(1) process with parameter ρ. The results in Table 1 suggest that the asymptotic critical values are acceptable even for moderate sample sizes, if ρ is not close to 1. The power in Tables 2-7 is a decreasing function of ρ as ρ tends to 1. The location of the time of the change has little effect on the power; the power is nearly the same for k * = n/2 and k * = n/4. In the second example we assume that ǫ k are elements of a GARCH(1,1) sequence. This means that ǫ k satisfies the recursion
where ω > 0, α ≥ 0, β ≥ 0. Assuming that (2.2) holds and Table 8 Power of V n,1 when ω = 1, α = 0.1 β = 0.1 and k * = n/2 The simulations are based again on the assumption that the δ i 's are independent standard normal variables. Comparing Tables 8 and 9 , we can conclude that the ratio test is working well even for small sample sizes when the size of the change is ∆ = 0 (no change), ∆ = 0.5, 1, 1.5. The values ω = 1, α = 0.1 and β = 0.1 correspond to very weak dependence between the observations while the choice ω = 0.5, α = 0.1 and β = 0.7 corresponds to stronger dependence. In both cases the power is high and the same power was obtained for k * = n/2 and k * = n/4.
Proofs
Proof of Theorem 1.1. We can assume without loss of generality that µ = 0. Let Table 9 Power of V n,1 , when ω = 0.5, α = 0.1, β = 0.7 and k * = n/2 
Z n,1 (t) and similarly
by ( Hence the proof of (1.3) is complete. The statistics V n,2 and V n,3 are also continuous functionals of Z n,1 (t), Z n,2 (t), 0 ≤ t ≤ 1. Hence the arguments in the proof of (1.3) can be repeated.
Proof of Theorem 1.2. Let k > k * . Then the definition of X j gives
If k = [nτ ] with some θ < τ < 1 − δ, we get that n −1/2 max 1≤i≤k 1≤j≤i
Since there is no change in the means of X k , X k+1 . . . , X n , by Theorem 1.1 we have that
where {B(t), 0 ≤ t ≤ 1} is a Brownian bridge. Observing that k * (k − k * )n −1/2 |∆ n |/ k → ∞ we conclude that V n,1 P → ∞. Similar arguments yield the proof when i = 2 and 3.
Proof of Theorem 1.3. It follows from condition (1.2) that    n −1/2 max 1≤i≤k * 1≤j≤i
(X j −X k * , n −3/2 max k * <i≤n i≤j≤n 
